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Abstract. The main purpose of this paper is to use the M. Toyoizumi’s important work,
the properties of the Dedekind sums and the estimates for character sums to study a hybrid
mean value of the Dedekind sums, and give a sharper asymptotic formula for it.
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1. Introduction















x − [x] − 12 if x is not an integer;
0 if x is an integer.
The various properties of S(h, q) were investigated by many authors. Maybe the
most famous property of the Dedekind sums is the reciprocity formula (see refer-
ences [1], [2], and [3]):
(1) S(h, q) + S(q, h) =
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for all (h, q) = 1, q > 0, h > 0. J. B. Conrey etc. [4] studied the mean value


























· ζ(s + 4m − 1)
ζ2(s + 2m)
ζ(s).






|S(h, p)|2 = 5
144
p2 + O(p9/5 log3 p).
In the spirit of [4] and [5], Wenpeng Zhang [6] obtained a sharper asymptotic formula









p(p3 − 1) + O
(
k exp





















In this paper, we use M. Toyoizumi’s important work, the properties of the





and give a sharper asymptotic formula for it. That is, we shall prove the following:
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akS2(a, p) = Apk+2 + O
(
pk+3/2 exp


































For general positive integer q and m > 1, whether there exists an asymptotic





is an open problem.
2. Some lemmas
To prove our theorem, we need several lemmas.













where ϕ(d) is the Euler function, χ denotes a Dirichlet character modulo d with
χ(−1) = −1, and L(s, χ) denotes the Dirichlet L-function corresponding to χ.
P r o o f. See Lemma 2 of [6]. 
Lemma 2. Let q > 3 be an integer, let χ denote any primitive character mod q.






















(2m − 1)! L(2m, χ)








(2m)! L(2m + 1, χ)






χ(a)e(a/q) is the Gaussian sum, e(y) = e2πiy, L(s, χ) is the Dirich-





= n!/(m!(n − m)!).
P r o o f. See [7]. 























denotes the product over all distinct prime divisors of q.
P r o o f. See Lemma 3 of [6]. 
Lemma 4. Let p > 3 be a prime, let χ0 denote the principal character mod p,





























denotes the summation over all n such that (n, p) = 1.
P r o o f. Let r(n) =
∑
d|n
χ(d), let χ1 6= χ0 be any even character mod p. Then
for a parameter N > p, applying Abel’s identity we have


































































































































































































































































if a ≡ b mod p;
−ϕ(p)
2



























































































where d(n) is the divisor function and |r(n)| 6 d(n) ≪ exp
(
































≪ ϕ3/2(p)N−1/2 ln2 N.






















This completes the proof of Lemma 4. 
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Lemma 5. Let p > 3 be a prime and m a positive integer, let χ0 denote the
principal character mod p, and let χ1 and χ2 be any two odd characters mod p.































P r o o f. For any odd characters χ1 and χ2 mod p, let χ = χ1χ2. Note that for










if a ≡ ±b mod p,
0 otherwise,
















































































































































































This completes the proof of Lemma 5. 
3. Proof of theorem
In this section, we complete the proof of our theorem. From Lemma 1, Lemma 2,























































( 3 ln p
ln ln p
)))( (p − 1)k+1
k + 1






















τ(χ1χ2)L(2m, χ1χ2)|L(1, χ1)|2|L(1, χ2)|2
= Apk+2 + O
(
pk+3/2 exp


































This completes the proof. 
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